We consider integrable generalizations of the spherical pendulum system to the Stiefel variety V (n, r) = SO(n)/SO(n − r) for a certain metric. For the case of V (n, 2) an alternative integrable model of the pendulum is presented.
Introduction
The Stiefel variety V (n, r) = SO(n)/SO(n − r) is the variety of ordered sets of r orthogonal unit vectors e 1 , . . . , e r in the Euclidean space R n , or, equivalently, the set of n × r matrices X = (e 1 · · · e r ) ∈ M n,r (R) satisfying X T X = I r , where I r is the r × r unit matrix. In this paper we follow notations used in [7] , where the integrability and geometrical properties of geodesic and Neumann flows on Stiefel varieties have been studied (Section 2).
The spherical pendulum is one of the simplest integrable systems. It can be defined as a natural mechanical system with the Hamiltonian
where γ is a fixed vector in R n and the cotangent bundle T * S n−1 is realized as a submanifold of R 2n {x, p} given by constraints x, x = 1, x, p = 0. By the analogy, define the pendulum on the Stiefel variety V (n, r) as a natural mechanical system with a SO(n) × SO(r)-invariant kinetic energy and a linear potential
where Γ = (γ 1 · · · γ r ) is a constant n × r matrix (Section 3). For a certain SO(n) × SO(r)-invariant metric, we present a Lax representation of the system and show that the equations can be regarded as a subsystem of an integrable Hamiltonian system on the dual of the semidirect product of so(n) ⊕ so(r) and of the vector space M n,r (R), which was considered by Reyman [17] and Bolsinov [2] . We also give the Lax representation in the case when all the vectors γ i are collinear and the kinetic energy is determined by a normal metric on V (n, r).
For r = 2 there is another natural choice of the pendulum-type potential V pendulum (e 1 , e 2 ) = − e 1 ∧ e 2 , Ξ = − tr(e 1 e T 2 Ξ),
where Ξ is a fixed element of so(n) (Section 4). We prove its complete integrability using the results of [5] . Finally, we consider a system on V (n, r) with a four-degree potential, which for r = 1 is described by the Hamiltonian
ν being an arbitrary parameter. The system on S n−1 is separable in elliptical (spheroconical) coordinates (see Wojciechowski [22] ).
1 Later, in [19, 20] Saksida considered generalized Neumann systems on Cartan models of symmetric spaces, and in the particular case of the projective space RP n−1 he recovered the Hamiltonian (4). We prove that V (n, r)-analog of the above system, when reduced to the oriented Grassmannian variety G + (n, r), is also completely integrable (Section 5). In our proof we used the mentioned construction of [19, 20] .
Hamiltonian flows on Stiefel varieties
The tangent bundle T V (n, r) is canonically defined by
while the cotangent bundle T * V (n, r) can be realized as the set of pairs of n × r matrices (X, P ) satisfying the constraints
which give r(r + 1) independent scalar constraints. The canonical symplectic structure ω on T * V (n, r) is the restriction of the canonical 2-form from the ambient space T * M n,r (R). It is convenient to work in redundant variables (X, P ) when the canonical Poisson structure {·, ·} on T * V (n, r) is defined by the use of the Dirac construction [6, 14] . Namely, let {·, ·} T * Mn,r(R) be the canonical Poisson bracket on R 2nr
and C i,j be the inverse of the matrix {F i , F j } T * Mn,r(R) , i, j = 1, . . . , r(r + 1), where we denoted constraints (6) by F i = 0, i = 1, . . . , r(r + 1). Then the Dirac bracket is given by
The subvariety T * V n,r appears as a symplectic leaf of the Dirac bracket and the restriction of {f 1 , f 2 } to T * V n,r depends only on the restriction of f 1 and f 2 to T * V n,r . A slightly different realization of the cotangent bundle T * V (n, r) is given in [1] . With the above notation, the Hamiltonian equationḟ = {f, H} in the matrix form readṡ
1 The separability is also preserved when we add the Neumann potential i a i x 2 i . We do not treat the generalization of this system here.
The r × r symmetric Lagrange multipliers matrices Λ and Π are uniquely determined from the condition that the trajectory (X(t), P (t)) satisfies the constraints (6) .
The Lie groups SO(n) and SO(r) naturally act on T * V (n, r) by left and right multiplications respectively, with the equivariant momentum mappings given by (e.g., see [7] )
Here we identified so(n) ∼ = so(n) * and so(r) ∼ = so(r) * by the use of the invariant metrics on so(n) and so(r) defined by η 1 , η 2 = − 1 2 tr(η 1 η 2 ). Consider a family of natural mechanical systems with the SO(n)×SO(r)-invariant kinetic energy
κ being a parameter (κ > −1). In the family of the metrics ds 2 κ determined by T κ there is the normal metric induced from a bi-invariant metric on SO(n) (κ = 0) and the Euclidean metric induced from the Euclidean metric of the ambient space M n,r (R) (κ = −1/2). We refer to generic ds 2 κ as Jensen metrics. For r = 2 there is a unique κ, while for r > 2 there are exactly two values of κ, such that ds 2 κ is an Einstein metric (see [11] ). We note that Hamiltonian equations considered in the paper are equivalent to the secondorder Euler-Lagrange equations with multipliers via the Legendre transformation. 
respectively. Here (X,Ẋ) and (X, P ) are subject to the constraints (5) and (6).
Remark 1: For κ = −1, the kinetic energy T −1 (X, P ) defines the sub-Riemannian metric ds
If the potential U (X) defining a natural mechanical system H κ = T κ + U is SO(r)-invariant, one can also perform a reduction of the system to a natural mechanical system on the oriented Grassmannian G + (n, r), the variety of r-dimensional oriented planes passing through the origin in R n . It can be seen as a quotient of the Stiefel manifold by the right SO(r)-action via submersion
The symplectic leafs of the Poisson manifolds (T * V (n, r))/SO(r) are the MarsdenWeinstein symplectic reduced spaces of T * V (n, r). The reduced space that corresponds to the zero value of the momentum mapping, Ψ −1 (0)/SO(r), is symplectomorphic to the cotangent bundle T * G + (n, r) equipped with the canonical symplectic structure (see e.g., [10] ). Note that the reductions of the systems H κ = T κ + U to T * G + (n, r) have the same kinetic energy given by a normal metric on G + (n, r) for all κ.
Example 1: The celebrated Neumann system on the sphere S n−1 is defined as a natural mechanical system with a SO(n)-invariant metric and a quadratic Hamiltonian. Analogously, paper [7] considered the Neumann system on V (n, r) with a Jensen metric ds 2 κ and SO(r)-invariant quadratic potential energy H neumann,κ = T κ + 1 2 tr(X T AX), A = diag(a 1 , . . . , a n ). The system is right SO(r)-invariant. As shown in [7] , it is completely integrable in the noncommutative sense by means of the integrals
and by the components of the momentum mapping Ψ. On the other hand, the reduced system on T * G + (n, r) is completely integrable in the Liouville sense by means of the integrals induced from the SO(r)-invariant functions (12) (see also [7] ).
V (n, r)-pendulum
Consider the pendulum system determined by the kinetic energy which corresponds to the Jensen metric ds 2 κ and the potential (2):
where, as above, Γ = (γ 1 · · · γ r ) is a constant n × r matrix. For r = 1, the Hamiltonian (13) coincides with (1), while for r = n it represents the Hamiltonian function for the motion of a symmetric rigid body in the presence of n homogeneous potential fields. This is the special case of the generalized Kowalewski top considered in [18] (one should take q = p in eq. (7.29), page 168, [18] ).
Using the equations (7), we arrive at Proposition 2: In the redundant coordinates (X, P ), the equations of the motion of the pendulum given by the Hamiltonian function (13) reaḋ
where Λ =
is the matrix Lagrange multiplier.
Since the metrics ds 2 κ are SO(n) × SO(r)-invariant, the system (14) has the Noether integrals with respect to the infinitesimal symmetries of the SO(n) × SO(r)-action that leave the potential (2) invariant.
SO(n − 1)-invariant pendulum
Now assume that in the pendulum system (13)
where α is a unit vector. The potential (2) takes the form V pendulum (e 1 , . . . , e r ) = a 1 e 1 + · · · + a r e r , α .
Let SO(n) α ∼ = SO(n − 1) and so(n) α ∼ = so(n − 1) be the the isotropy group and the isotropy algebra of α, respectively. Then the potential (15) is SO(n) α -invariant. The resulting Noether's integrals are the components of the momentum mapping
The dimension s of the image Φ α (T * V (n, r)), i.e., the number of independent functions within the algebra of polynomial Noether integrals Φ * α (R[so(n) * α ]), is the same as the number of independent Noether integrals for SO(n − 1)-action on T * V (n − 1, r).
, we have Casimir functions
which commute with all the Noether integrals. Suppose n − 1 ≥ 2r. Then I 1 , . . . , I r are independent (see [7] ). The invariants p 1 (ξ) = tr(ξ 2 ), . . . , p r (ξ) = tr(ξ 2r ) separate generic coadjoint orbits in the image Φ α (T * V (n, r)). On the other hand, the dimension of generic orbit in Φ α (T * V (n, r)) is 2r(n − r − 2) (see [4] ). Therefore, the number of independent Noether integrals is
Since dim T * V (n, r) = 2nr − r 2 − r, the generic invariant level sets Φ α = const, H pendulum,κ = const are of dimension r(r + 2) − 1. In particular, for r = 1 we recover the fact that the invariant manifolds of the spherical pendulum are 2-dimensional.
We can always find
polynomials f 1 , . . . , f s0 that form a complete commutative set on a a generic coadjoint orbit in Φ α (T * V (n, r)) with respect to the standard Lie-Poisson bracket on so(n) * α (for example, by using the Mischenko-Fomenko method of the argument shift, see [2] ). Therefore,
are independent commuting functions on T * V (n, r). Thus, apart of the Hamiltonian and the Noether integrals, for the complete integrability of the V (n, r)-pendulum with the potential (15) we need 1 2 r(r + 1) − 1 additional commuting independent integrals.
The Lax representations
Now we turn back to V (n, r)-pendulum with the general Hamiltonian (13).
Lemma 3:
In view of the momentum mappings (8) and (9), the equations (14) are equivalent to the following systemẊ = ΦX + κXΨ,
The symmetry of the above system leads to the following theorem. 
with a spectral parameter λ, where L(λ) and A(λ) are so(n + r) matrices given by:
Proof. By comparing terms with the same degree in λ, from (18) we get the equationṡ
which correspond to (17) for κ = 1 and arbitrary Γ, or for Γ = 0 and arbitrary κ. ✷
In the special case, when the potential is given by (15) and κ = 0, from Lemma 3 we get the equationsẋ = Φx, x = a 1 e 1 + · · · + a r e r , Φ = x ∧ α.
Theorem 5: Assume that the potential is given by (15) and κ = 0. Then the equations (14) imply the matrix equations
whereL(λ) andÃ(λ) are so(n + 1) matrices given by:
Therefore, the coefficients of the invariant polynomials
are the first integrals of the system for κ = 1 (or Γ = 0 and arbitrary κ) and κ = 0 and the potential given by (15), respectively. Note that the integrability of the geodesic flows (Γ = 0) of the Jensen metrics ds 2 κ is already proved in [7] . In the next subsection we will show that the integrals (20) commute for κ = 1 and generic Γ.
Coadjoint representation of T * V (n, r)
Let so(n+r) = so(n)⊕so(r)+d be the orthogonal decomposition of the Lie algebra so(n+r) with respect to the invariant scalar product ·, · . The pair (so(n + r), so(n) ⊕ so(r)) is symmetric:
Combining the momentum mapping of the action (22) with the inclusion V (n, r) ⊂ M n,r (R) ∼ = d we get the mapping Θ :
This a Poisson mapping which realizes T * V (n, r) as a coadjoint orbit (e.g., see eq. (29.11) on page 225, [10] , Proposition 5.6 in [18] , or Proposition 3 in [5] ). Here we identified the dual space of the semi-direct product (so(n) ⊕ so(r)) ⊕ ad d with so(n + r) by using the scalar product ·, · . Within this identification, the Lie-Poisson bracket reads {f, g} 0 (h + v) = h, [pr so(n)⊕so(r) ∇f, pr so(n)⊕so(r) ∇g]
On the other hand, from a general construction of compatible Poisson structures related to a symmetric pair decomposition of Lie algebras developed by Reyman [17] and Bolsinov [2, 3] , we get a complete set A + B of polynomials A and B on ((so(n) ⊕ so(r)) ⊕ ad d) * described below.
Namely, let
Then A is a commutative set of the polynomials defined as the coefficients in λ of
and B is the set of linear functions on the isotropy algebra of γ within so(n) ⊕ so(r):
Moreover the functions from A and B mutually commute {A, B} 0 = 0 (Theorem 1.5, [2] and Theorem 8, page 234 [21] , see also [3, 15] ). Note that Θ * p i,λ are exactly the above integrals f i,λ arising from the Lax representation of the system for κ = 1, while Θ * B are the Noether integrals with respect to the infinitesimal symmetries of the action (22) , which leave the potential (2) invariant. Thus, the integrals (20) commute.
Similarly, by considering the dual space of the semi-direct product so(n) ⊕ R n , one can prove commutativity of integrals (21).
The integrability problem
The pendulum Hamiltonians (13) can be written in the form Θ * H κ = H κ • Θ, where Θ is given by (23) and
The corresponding Hamiltonian flows on ((so(n) ⊕ so(r)) ⊕ ad d) * are given bẏ
In particular, the flow with Hamiltonian H 1 is completely integrable with a complete noncommutative set of integrals A + B on a generic symplectic leaf of the Lie-Poisson bracket (24). Thus, the mapping (23) establishes the isomorphism between the V (n, r)-pendulum (14) with κ = 1 and a subsystem of the integrable system (26) laying on the orbit Θ(T * V (n, r)). Note that Θ(T * V (n, r)) is a singular symplectic leaf in ((so(n) ⊕ so(r)) ⊕ ad d) * , on which some of the polynomials A + B became dependent. To check the completeness of A + B on Θ(T * V (n, r)), i.e., to formally prove the complete integrability of the pendulum system with κ = 1 on T * V (n, r), one needs an additional analysis. 2 A careful analysis is also needed for the pendulum system with the potential (15) and κ = 0, since in this case the components of the momentum mapping (16) and the Lax pair integrals (21) do not form a complete set of functions on T * V (n, r). They should be completed by a certain class of SO(n)-invariant integrals.
Using the results of subsection 3.1, we can prove the complete integrability of the system for r = 2, κ = 1 and an arbitrary choice of γ 1 and γ 2 , as well as for κ = 0 and γ 1 = a 1 α 1 , γ 2 = a 2 α 2 . Since the detailed proofs are rather technical, we expect to present them elsewhere.
V (n, 2)-pendulum
The sphere S 2 can be seen as a SO (3)-adjoint orbit. Then the Hamiltonian (1) represents a natural mechanical system with the kinetic energy given by a normal metric and the potential being a linear function on the Lie algebra so (3) . Following this point of view, one can consider integrable pendulum type systems on adjoint orbits O(a) = Ad G (a) ⊂ g of a compact semi-simple Lie group G. Such systems, with the kinetic energy defined by a normal metric and the potential energy given by a linear function on the Lie algebra, were studied in [5] .
The oriented Grassmannian variety G + (n, 2) can also be realized as a SO(n)-adjoint orbit of the matrix
Following [5] , taking the pull-back of a linear potential on the Lie algebra so(n) with respect to the mapping π :
we get the potential (3). For the case of V (n, 2) it is convenient to use vector notation in which the constraints (6) read: e 1 , e 1 = e 2 , e 2 = 1, e 1 , e 2 = e 1 , p 1 = e 2 , p 2 = e 1 , p 2 + e 2 , p 1 = 0.
The SO(2)-momentum mapping is simply the scalar function
. The Hamiltonian equations defined by the Hamiltonian of the pendulum systems with the metric ds
are given byė
where the Lagrange multipliers are:
The integrability of the system (29), (30) essentially follows from the construction given in [5] , which we briefly recall below.
Pendulum systems on adjoint orbits of compact Lie groups
Let G be a compact semisimple Lie group. The pendulum system on the adjoint orbit O(a) is defined by the Hamiltonian function of the form
where
→ g is the momentum mapping of the natural Hamiltonian G-action, and b ∈ g is a fixed element of the Lie algebra. Here we identified g with its dual space g * by means of the standard invariant scalar product ·, · , the Killing form multiplied by −1.
Let
Then g C is a semisimple complex Lie algebra. Denote by g 0 the real semisimple Lie algebra obtained from g
. . , p r be the set of basic homogeneous invariant polynomials on g considered as complex invariant polynomials on g C . Then their real and imaginary parts form a set of basic polynomial invariants on g 0 .
The
, and, as in the previous section, one can consider the contraction of g 0 : the real Lie algebra g ⊕ ad √ −1g, the semidirect product where the second term is considered as a commutative subalgebra.
Let us identify (g⊕ ad √ −1g) * with g⊕ ad √ −1g by means of nondegenerate scalar product (ξ 1 + √ −1η 1 , ξ 2 + √ −1η 2 ) = ξ 1 , ξ 2 − η 1 , η 2 , which is proportional to the Killing form of g 0 . Then the Lie-Poisson brackets on (g
Again, from a general construction of compatible Poisson structures related to a symmetric pair decomposition of Lie algebras we conclude that
is a complete commutative set on (g ⊕ ad √ −1g) * (see [5] ). The mapping Υ 0 :
is a symplectomorphism between T * O(a) and the coadjoint orbit of the element a in (g ⊕ ad √ −1g) * endowed with the canonical Kirillov-Konstant symplectic form. Moreover, for an arbitrary a (regular or singular), the set A is complete on the image Υ 0 (T * O(a)), for a generic b ∈ g (see [5] ).
Theorem 6 ([5]):
Let a ∈ g be an arbitrary element of the Lie algebra g of a compact semisimple Lie group G. For a generic b ∈ g, the pendulum system on the adjoint orbit O(a) defined by the Hamiltonian (31) is Liouville integrable by means of the integrals Υ
Integrability
The flow (29), (30) is right SO(2)-invariant and has the momentum integral Ψ 12 .
Theorem 7: 1). The equations (29), (30) imply the following matrix equation with a spectral parameter λ
2). For a generic Ξ ∈ so(n), the pendulum system (29), (30) is completely integrable.
Proof. 1). From (29) it follows
which implies the Lax representation (34).
2). The mapping
is the Poisson mapping between (T * V (n, 2), ω) and the dual space of the semi-direct product so(n) ⊕ ad √ −1so(n). Now let F be the union of the real and imaginary parts of the coefficients of the spectral curve det(L(λ) − µI n ) = 0.
They are the pull-backs, via the mapping Υ, of the commuting polynomials (32) on (so(n)⊕ ad √ −1so(n)) * with b = Ξ. Besides, since L(λ) is SO(2)-invariant, the integrals F are SO(2)-invariant as well. Therefore, the collection of functions given by F and Ψ 12 is commutative.
It remains to estimate the number of independent integrals. Letπ be a natural extension of (27) to the SO(2)-projection Ψ −1
where Υ 0 :
* is given by (33). Next, applying Theorem 6 we get that, for a generic Ξ, there are 2n − 4 = dim G + (n, 2) polynomials f 1 , . . . , f 2n−4 in A, such that the functions
are independent. In addition, from (35), we conclude that the functions
are independent at the invariant set {Ψ 12 = 0} ⊂ T * V (n, 2). Since all the functions are analytic, taking (36) and Ψ 12 we obtain 2n − 3 = dim V (n, 2) commuting independent integrals, which implies the commutative integrability. ✷ Remark 2: One can generalize the pendulum system on V (n, 2) by adding the closed 2-form η de 1 ∧ de 2 = η n i=1 de i 1 ∧ de i 2 to the standard symplectic structure, describing a magnetic force field. Then Theorem 7 still holds, with the momentum mapping Φ replaced by the magnetic momentum mapping Φ η = Φ + η e 1 ∧ e 2 = p 1 ∧ e 1 + p 2 ∧ e 2 + η e 1 ∧ e 2 .
5 The fourth degree potential
Invariant relations
Consider the system on V (n, r) with the following fourth degree potential and the kinetic energy T κ :
where B = diag(b 1 , b 2 , . . . , b n ). For the case r = 1, b i = √ 2a i , i = 1, . . . , n we get the Hamiltonian (4) with ν = 1.
As follows from the Dirac equations, the flow of the Hamiltonian function (37) is given byẊ = P − (1 + 2κ)XP T X,
where Λ = X T BX − 2X T BXX T BX − P T P is the matrix Lagrange multiplier. The Hamiltonian (37) is SO(r)-invariant. Therefore the momentum mapping (9) is an integral of the motion. 
L(λ) = (I n − 2XX T )B(I n − 2XX T ) + 2λΦ + λ 2 B, A(λ) = −2Φ − λB.
Therefore, the functions
are particular integrals of the system (38) on the invariant manifold (39).
Integrability on the Grassmannian variety
The system (38), the Lax representation (40), as well as the functions (41), are SO(r)-invariant and are well defined on the reduced Poisson space (T * V (n, r))/SO(r). After SO(r)-symplectic reduction of the system to Ψ −1 (0)/SO(r) ≈ T * G + (n, r) we get a natural mechanical system with a kinetic energy given by the normal metric.
